Introduction
In this paper, we continue our study of the Weil-Petersson geometry as in the previous paper [10] , in which we have proved the boundedness of the Weil-Petersson volume, among the other results. The main results of this paper are that the volume and the integrations of Ricci curvature of the Weil-Petersson metric on the moduli space are rational numbers. In particular, the Ricci curvature defines the first Chern class of the moduli space in the sense of Mumford [11] .
It was a classical result of Mumford [11] that for a noncompact Kähler manifold M with M being a smooth compactification of M and M \M being a divisor D of normal crossings, and for any Hermitian bundle (E, h) over M , one can define the Chern classes c k (E) provided the metric h is "good" defined by Mumford [11, Section 1] . Roughly speaking, a metric is "good" if the metric matrix have log bound, and the local connection form and the curvature have Poincaré type growth. It was verified that the natural bundles over locally Hermitian symmetric spaces are "good" (cf. [11] ). For the moduli space of curves of genus greater than or equal to 2, the metric induced by the Weil-Petersson metric on the determinant bundle of the log extension of the cotangent bundle is good [19] . However, for the moduli space of polarized Calabi-Yau manifolds, it is not clear that the Weil-Petersson metric or the volume form of the Weil-Petersson metric is "good". By [1] , the Weil-Petersson potential is related to the analytic torsion of the moduli space. While the Hessian of the torsion is known to be related to the Weil-Petersson metric and the generalized Hodge metric( [3] ), it is not easy to find the asymptotic behavior of the BOCV torsion itself. Thus we can not use the theorem of Mumford directly to prove that the integrations are rational numbers.
In this paper, we avoided using the BCOV torsion by the careful analysis of the asymptotic behavior of the Hodge bundles at infinity. Using the Nilpotent Orbit theorem of Schmid [12] , we can give another explicit (local) representation of the Weil-Petersson potential. The potential has the following properties: first, as a potential of a Kähler metric, it must be plur-subharmonic. Next, by the Strominger formula, the Ricci curvature of the Weil-Petersson metric is lowerly bounded. Thus the volume form of the Weil-Petersson metric is also plur-subharmonic. Our analysis relies heavily on the above two properties of the potential of the Weil-Petersson metric.
For the noncompact manifold M defined above, we can define a Kähler metric, called the Poincaré metric on M such that on each Euclidean neighborhood of D, the metric is asymptotically Poincaré (See § 3 for the precise definition). The metric is not canonically chosen so it doesn't reflect the geometry of the manifold M . However, it is complete and the volume is finite, and its curvatures are bounded. In practice, we use the Poincaré metric to bound the other intrinsically defined metrics.
Let M be a Weil-Petersson variety (see §2 for the definition). It is not clear whether we can construct a Kähler metric with nonpositive sectional curvature on the Weil-Petersson variety. However, if we only require the nonpositivity of the bisectional curvature, then in [8] and [9] , the first author defined such a metric, which we called the Hodge metric. In addition to the nonpositivity of the bisectional curvature of the Hodge metric, the holomorphic sectional curvature and the Ricci curvature of Hodge metric are negative and bounded away from zero. By Schwarz-Yau [22] lemma, the Hodge metric is bounded by the Poincaré metric defined above.
Using the comparison of the Hodge and the Poincaré metrics, in the previous paper [10] , we have proved that the Weil-Petersson volume and the Hodge volume are all finite. By the definition of the Weil-Petersson metric and the Hodge metric, if a Weil-Petersson variety were compact, then the volume with respect to the Weil-Petersson metric and the Hodge metric could have been rational numbers because of the Gauss-Bonnet Theorem. We thus conjectured that the volume of both metrics are in fact rational numbers, even though the Weil-Petersson varieties are more likely to be noncompact.
In this paper, we verified the conjecture by controlling the growth of the potential of the Weil-Petersson metric at infinity. In order to get the estimates we need, we have to define a special kind of cut-off functions. In general, if a cut-off function is 1 at the origin and if it is supported within a ball of radius r, then its second derivatives are of the order 1/r 2 . We can do a little bit better for the Hessian of the cut-off function on R 2 , because R 2 is an example of parabolic manifold defined by P. Li [7] . In fact, the order of the Hessian of the cut-off function is of the order 1 r 2 (log 1/r) 2 . This observation is important in our proof. By using the cut-off function and the convexity of the Weil-Petersson potential, we can prove
is a rational number.
The volume form of the Weil-Petersson metric has its own convexity by the formula of Strominger. However, in this case, the (local) volume forms are not integrable with respect to the Poincaré metric. Special care must be taken in order to get the similar result as in the volume case. In order to do that, we defined the degeneration order of the volume form along each hypersurface of the divisor M \ M and then twisted the extension of the anti-canonical bundle of M (See Definition 6.1 for details). Using this, we can prove Theorem 1.2. Let X ⊂ M be a subvariety of dimension q. Then for non-negative integers k and l with k + l = q, 
where F n and K Remark 1.1. In the above corollary, the righthand side is intrinsically defined. Thus one will get some information of the divisors once the topology of the compact manifold X is known. In particular, by using this we can get the information of the monodromy group assuming the moduli space is CP 1 minus three points. Such a moduli space is of interest in Mirror Symmetry (cf. Doran-Morgan [2] ).
Two important papers in the direction of this paper have drawn our attentions. One is the recent survey paper of Todorov [17] , which gives a complete summary of the recent progress in the subject. The other one is by Schumacher [13] , in which the author computed the curvature of the Weil-Petersson metric of Kähler-Einstein manifolds, using the idea of Siu [14] of horizontal liftings.
We are interested in the volume and the integrations of the curvature because it defines some kind of invariants and using that, we wish to classify polarized Calabi-Yau manifolds and tell the monodromy of the moduli space of Calabi-Yau manifolds . These questions are very important in Mirror Symmetry and we shall study them in a subsequent paper.
The organization of this paper is as follows: in §2, we give the definition of the Weil-Petersson geometry and some basic estimates; in §3, we define the Poincaré metric and the cut-off function we need for the rest of the paper; in §4, we write out the preferred extension of the Hodge bundles defined by the Nilpotent Orbit Theorem explicitly. The main part of the paper is §5 and §6, where we prove Theorem 1.1 and Theorem 1.2.
After finishing this paper, we were informed by A. Todorov that in [16] , he proved the rationality of the volume of the moduli space independently.
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Preliminaries
In this section, we give the definition of the Weil-Petersson geometry and Weil-Petersson variety, first appeared in [10] . Examples of Weil-Petersson varieties are the moduli spaces of polarized Calabi-Yau manifolds. 
where ∆ is the unit disk and ∆ * is the punctured unit disk. Let Ω be a local section of F p in the neighborhood, then locally, Ω can be written as
where The second property is a theorem of Tian [15] (See also Todorov [18] ). The third one is the compactification theorem of Viehweg [20] and the forth property can be verified by the Nilpotent Orbit theorem of Schmid [12] .
When we study the boundary behavior of the Weil-Petersson metric on the moduli spaces, we need to analyze the potential (Ω, Ω), where ( , ) is the polarization of the Hodge structures. We recall here the result of the potential of Weil-Petersson metric on one dimensional slice of moduli spaces.
Let ∆ * be a one dimensional parameter space of a family of polarized Calabi-Yau manifolds. Let Ω be a section of the first Hodge bundle F n . Then by the Nilpotent Orbit theorem of Schmid [12] , after a possible base change, we have
where N is the nilpotent operator, N n+1 = 0 for n being the dimension of the Calabi-Yau manifolds, and
is a vector-valued convergent power series with the convergent radius δ > 0. Let
for any k, l ≥ 0. Then we can write Ω as the convergent series
. Then we have the following lemma (Lemma 7.1 of [10] ):
where r = |z|, k 0 , l 0 are the unique pair of nonnegative integers such that
n+1 . C is a constant depending only on k 0 , l 0 , µ and Ω.
In order to estimate the volume form and the Chern classes of the Weil-Petersson metric, we also need the following Strominger's formula (Theorem 3.1 of [10] ).
Then the curvature tensor of the Weil-Petersson metric is given by
In order to bound the Weil-Petersson metric and its curvature, we need the Hodge metric, which was defined in [8] .
Theorem 2.2. Let D be the classifying space. The invariant Hermitian metric of D restricts to M is a Kähler metric called the Hodge metric. Let ω H be its Kähler form. Then we have
(1) The bisectional curvature of ω H is nonpositive; (2) Ric(ω H ) < αω H < 0 for some negative constant α which only depends on the dimension; (3) The holomorphic sectional curvature of ω H is bounded above by α;
The Hodge metric is useful because it gives us the convexity of the volume form of the WeilPetersson metric. Furthermore, using the Hodge metric together with the Schwarz-Yau Lemma, we can control the volume of the Weil-Petersson metric and the Hodge metric. 
Cut-off functions
The main result of this section is to prove the existence of the "good" cut-off functions so that our estimates can go through.
We assume that M is an m-dimensional compact Kähler manifold of dimension m and D be a divisor of M with normal crossing so that M = M \D. We are going to prove that there is a complete Kähler metric on M such that it is asymptotical to the Poincaré metric near infinity. We call this metric the global Poincaré metric or simply the Poincaré metric. We use ω P to denote its Kähler form.
The result is well known, for example, in [5] . For the sake of completeness and for the setting of notations, we sketch the proof in Lemma 3.1.
We let M = U 1 ∪ · · · ∪ U t · · · ∪ U s be covered by local coordinate charts where 1 ≤ t < s. Without loss generality, we assume that (
Let {ψ α } 1≤α≤s be the partition of the unity subordinated to the cover {U α } 1≤α≤s . Let ω be a Kähler metric of M and let C be a large constant. Define
Then we have
Lemma 3.1. For C large enough, ω P defines a complete metric on M with finite volume and bounded curvature. Furthermore, there is a constant C 1 such that
for any 1 ≤ α ≤ t, where ω α 0 is the local Poincaré metric, defined by
Proof. This follows from a straightforward computation.
The main result of this section is the following:
Then there is a function ρ ε such that
There is a constant C, independent of ε such that
Proof. The key observation can be explained as follows. For the unit ball in R n , if we construct a smooth function which is 0 on B ε (0) and 1 outside B 2ε (0), then the second derivative of the function is in general of order 1/ε 2 . However, in the two dimensional case, if we consider the Laplacian of the function, then it is possible to lower the order of the second derivative.
Define a decreasing smooth function ϕ : R → R, 0 ≤ ϕ ≤ 1 as follows:
and assume that |ϕ ′ | + |ϕ ′′ | < 10. Define a function ϕ ε on the unit ball of the complex plane as
where r is the Euclidean norm of the complex variable z. Then we have the following
Thus we have Lemma 3.2. Using the same notation as above, we have
where the norm is with respect to the Euclidean metric on C. Furthermore, we have
Then using the Lemma 3.2, we have
for some constant C.
We define
We can verify that ρ ε satisfies all the properties in Theorem 3.1 by a straightforward computation.
We finish this section by stating the Schwarz-Yau Lemma [22] in our context. The result will be used repeatedly in the rest of this paper: 
Extension of the Hodge bundles
Let M be a Weil-Petersson variety and M be its smooth compactification. We assume that Y = M − M be the divisor of normal crossings. Then it is known from [12, page 235 ] that the Hodge bundles F n , · · · , F 0 can be extended to coherent sheaves over M . Furthermore, if we assume that every element of the monodromy group is unipotent, then the coherent sheaves are in fact vector bundles over M .
The particular extension of the bundles over M is defined by the Nilpotent Orbit theorem of Schmid. In §5 and §6, we show that such an extension is the one that we can control the growth of the Weil-Petersson metric and its curvatures at infinity.
2 Thus although we know the extension exists by the Nilpotent Orbit theorem, we must write out explicitly the local transition functions. The first result of this section is the following lemma which is essentially due to Kawamata [6] . We formulate it in the language of Weil-Petersson geometry. Now we use the idea of Kawamata [6] . Let T be a monodromy operator which is not unipotent. Let T = γ s γ u be the decomposition of T into its semi-simple part and its unipotent part. 
We consider the map π :
It is a holomorphic m-branched covering map. Let Z be the pre-image of M under π. Then Z is a projective variety. Let Z reg be the smooth points of Z. Define M ′ = Z reg ∩ {Z 0 = 0} and letZ be the desingularization of Z along the divisors Z\M ′ .
The Hodge bundles can be pulled back to the manifold M ′ . At any neighborhood (∆ * ) l ×∆ k−l of M \M , the transform of (M, M ) to (M ′ ,Z) is the m-branched covering defined by z 1 → m √ z 1 , where z 1 = 0 is corresponding to the divisor D 1 . Evidently, the monodromy operator T is transformed to T m , which becomes a unipotent operator.
One can observe that if T ′ is a unipotent monodromy operator, then under the transform and
Thus From now on, we will prove our results under the additional assumptions that all monodromy operators are unipotent, M , M are smooth, and the divisor Y = M \ M is of normal crossings.
We write out explicitly the extension of the Hodge bundles in terms of the local coordinates. A bundle F p over M is equivalent to an open cover {V α } of M with transition functions g αβ : V α ∩ V β → GL(s, C) with s = rank F p . We assume that {V α } is a countable, locally finite cover. Let ϕ : M → Γ\D be the period map, where Γ is the monodromy group. Since Y ⊂ M is compact, we can take a finite cover
is an open cover of M , we can take a finite subcover. After refinement, we can take V 1 , · · · , V r ∈ {V α } such that
(1)
We cut U * α into open conical parts such that each conical part is a product of discs and open sectors with small angles. We write U * α = U α,i where each U α,i is a conical domain.
3
For each U * α , the universal covering space of U * α is U l × ∆ m−l where U is the upper halfplane and l = l α . The natural projection p : U * α → U * α is given by p(w 1 , · · · , w l , · · · , w m ) = (e 2πiw 1 , · · · , e 2πiw l , w l+1 , · · · , w m ). LetM be the universal covering space of M . Then we always have the liftingφ :M → D. Locally, it is given by the map ϕ α : U * α → D corresponding to ϕ α : U * α → Γ\D, and we have the following commutative diagram
By the Nilpotent Orbit theorem of Schmid, for each j = 1, · · · , l, there is a monodromy transform T j such that
We have T j T k = T k T j for 1 ≤ j, k ≤ l. By Lemma 4.1, we assume that the semisimple part of each T j is 1. Let
where N j = log T j are the nilpotent operators. Clearly ψ α is invariant under the transform w j → w j + 1 for j = 1, · · · , l. So ψ α descends to a map ψ α from U * α to the complex dualĎ of D. By the Nilpotent Orbit theorem, ψ α can be holomorphically extended to U α .
Since the neighbhood S of Y in M satisfies the condition that S ∩ V β = ∅ for each V β , and for each U α , there is a σ α > 0 such that
For example, we can define each Uα,i to be Uα,i = {(z
give an open cover of M . Clearly, on each U α,i and each V β , the Hodge bundles are trivial. For each 0 ≤ p ≤ n, let s = rank F p . We will extend F p to M using the cover {U α,0 } ∪ {U α,i } ∪ {V β } of M . Since F p over each simply connected set of U * α are trivialized by e √ −1 2π
N j ψ α , we know that g U α,i ,U α,j = I where I = I s is the identity matrix of rank s. Since F p is trivial over U α,i and V β , we know that the transition functions g U α,i ,V β and g αβ ij = g U α,i ,U β,j are given. Since U α,0 ∩ V β = ∅, to extend F p to M , we only need to define g U α,0 ,U α,j , g U α,0 ,U β,j , and g αβ = g U α,0 ,U β,0 .
We define g U α,0 ,U α,j = I. Since U α,0 \ Y ⊂ U α,i , we know that for each q ∈ U α,0 ∩ U β,j , there is a U α,i such that q ∈ U α,i . So naturally we define g U α,0 ,U β,j on U α,0 ∩ U β,j ∩ U α,i to be the restriction of
It is more difficult to define g αβ . For each q ∈ U α,0 ∩ U β,0 , if p / ∈ Y , then there exist i and j such that q ∈ U α,i ∩ U β,j . We define g αβ (q) = g αβ ij (q) = g U α,i ,U β,j . As long as these transition functions are well-defined, it is trivial to check the compatibility conditions. Thus we need to prove This is true since T i is corresponding to the same simple loop of (U α,0 ∩ U β,0 ) \ Y . Combining the above three formulae, we have 
By the definition of ξ j and by Remark 4.2 we know that log Remark 4.3. The tangent bundle of M can be identified with F n−1 /F n . Since all the Hodge bundles can be extended in the above canonical way, the tangent bundle is also canonically extended. 11 
Volume of the moduli space
In this section we prove that the volume of the Weil-Petersson metric is a rational number. Let ∆ r be the disk of radius r and ∆ * r be the punctured disk of radius r in C.
Assume that a chart of M near the boundary is V k 1 and the Weil-Petersson metric on V k 1 is defined as ω W P = − √ −1∂∂ log(Ω, Ω) where (Ω, Ω) > 0 on V k 1 . We also assume that Ω = e where r j is the Euclidean norm of z j . Clearly the right hand side of the above formula is integrable with respect to the Poincaré metric ω P which implies that we only need to check that the integration of log(Ω, Ω) has a lower bound. Let θ j be the argument of z j and set
< 0 for each 1 ≤ j ≤ m which is equivalent to
In order to prove log(Ω, Ω) ∈ L 1 (V k δ , ω P ) we just need to check that
We prove this using mathematical induction on m. If the dimension m of the moduli space is 1, then k must be 1. By a theorem of Wang [21] , we know that the leading term in (Ω, Ω) is c(log ) l which implies that p(r 1 ) ≥ 2π log c 2 + 2πl log log
If the Weil-Petersson metric is incomplete at 0, the leading term of (Ω, Ω) is a positive constant c. So we can find δ > 0 such that p(r 1 ) ≥ c 1 for some constant c 1 when r < δ. This implies < 0 which implies r 1 ∂p ∂r 1 decreases as r 1 12 increases. Like the argument above, the leading term of p in r 1 is either log c+ l log log = 0. So we know that r 1 ∂p ∂r 1 < 0 when r 1 > 0 which implies p is decreasing as r 1 is increasing. So for any δ 1 > 0 small enough, we have
Now we go back to (Ω, Ω). We fix a z 1 = w ∈ ∆ * . Let Ω = Ω(w, z 2 , · · · , z m ). Then − √ −1∂∂ log( Ω, Ω) gives the Weil-Petersson metric on the sliceŨ = {w} × (∆ * ) k−1 × ∆ m−k . If k > 1, by the induction assumption, we know that log( Ω, Ω) is integrable onŨ with respect to the Poincaré metric for some δ > 0 and the integration depends on w continuously. This clearly implies
Thus we have
So log(Ω, Ω) is integrable over V k δ for some δ > 0 with respect to the Poincaré metric. If k = 1, thenŨ = {w} × ∆ m−1 and log( Ω, Ω) is smooth onŨ . Clearly (5.6), (5.7) still hold for some δ > 0. So log(Ω, Ω) is integrable with respect to the Poincaré metric.
Proof of Theorem 1.1. By the Nilpotent Orbit theorem we know that the Hodge bundle F n over M can be extended to M smoothly. We denoted the extended bundle by E n . Now we put a Hermitian metric g on E n . Take an open cover of M like we did in §3. On each U α , let g α be a representation of g. The local potential of the Weil-Petersson metric on U α is given by h α = (Ω, Ω). Let f = is an integer. We need to prove that Mω m = M ω m W P . Using Schwarz-Yau lemma (Proposition 3.1) like we did in [10] we know that ω W P ≤ cω P where ω P is the asymptotic Poincaré metric we constructed in section 3. Sinceω is the Ricci form of a line bundle over the compact manifold M , it is bounded. Thus we can find a constant c such that −cω P ≤ω ≤ cω P .
We check the integrability of log f on M with respect to the asymptotic metric ω P . Let ψ α be a partition of unity subordinated to the cover
we know that ψ α log f = ψ α log(Ω, Ω) − ψ α log g α . Clearly ψ α log g α is bounded on U α . By Lemma 5.1 we know that Uα ψ α log(Ω, Ω) ω m P is also finite. This implies log f is integrable. Pick an ε > 0 small. Let ρ ε be the cut-off function we constructed in section 3. We have
where the sum over α is a finite sum. Also, on each U α , log f is bounded above by a positive function c + lα 1 log log 1 r j which is integrable with respect to the local Poincaré metric. By Theorem 3.1 and the fact thatω + ω W P ≤ cω P (which follows from Proposition 3.1), we know that
(5.10)
The above expression converges to 0 as ε → 0, because ω P has finite volume and the measure of supp(1 − ρ ε ) goes to 0 as ε → 0 and both log f + c + 
This finishes the proof. In general, if the Nilpotent operators {N i } are not unipotent, then by Lemma 4.1, we know that the volume is at least a rational number.
First Chern class
Let M be a Weil-Petersson variety of dimension m and let ω W P be the Kähler form of the Weil-Petersson metric. Like in the previous sections, we let M be the compactification of M such that Y = M \M is a divisor of normal crossings.
The main result of this section is the following g > 0. We call a point z ′ a generic point in the first direction if for this z ′ , we have f (z 1 , z 1 ) > 0. For a generic point z ′ , we know that g = f (z 1 , z 1 )(log 
By the Strominger's formula we know that there is a positive constant c such that
where ω P is the Kähler form of the Poincaré metric. Finally by using Hodge metric and SchwarzYau lemma (Proposition 3.1) we proved in [10] that there is a constant c such that
Combine all these formulae we know that there is a constant c such that
which implies − c r 2 1 (log Using the Lemma 6.1, we have that for generic point z ′ in the first direction, f (z 1 , z 1 ) = A k (z ′ , z ′ )r k 1 . This implies that, except a lower dimensional set of z ′ , the leading term in the expansion of (Ω, Ω) 2m det(g ij ) is A k (z ′ , z ′ )r Proof. Assume there is another chart U β with U α ∩U β ∩Y j = ∅. We can also assume that U β ∩ Y j is given by z β 1 = 0. From the definition we can see that the degeneration order τ j is the smallest number τ such that, for a generic point z ′ in the first direction, lim inf z 1 →0 r τ 1 (Ω, Ω) 2m det(g ij ) > 0. Since is bounded and bounded below from 0. When we choose U β = U α but with a different coordinate system, the above argument implies the degeneration order is independent of the choice of local coordinates. For general U α and U β , this implies that the order is constant along Y j except for a lower dimensional set.
Now we prove that M (Ric(ω W P )) s ∧ ω m−s W P ∈ Q. We first extend the first Hodge bundle F n to the compactification M in the way described in §4. We put a smooth Hermitian metric h on this extended bundle and denote its Kähler form by ω. Recall that we use L 0 to denote the anti-canonical bundle of M and use L 0 to denote the preferred extension of L 0 to M . We put a smooth Hermitian metric h 0 on L 0 . Finally for each line bundle L j corresponding to the hypersurface Y j , we put a smooth Hermitian metric h j on it and denote its curvature form by ω j .
We first check that, for all 1 ≤ s ≤ m, M (Ric(ω W P )) s ∧ ω The reason we use the expression in (6.2) is that Ric(ω W P ) + 2mω W P is a nonnegative form.
Realizing that the Ricci curvature of the Weil-Petersson metric is bounded above and below by a constant multiple of the asymptotic Poincaré metric, we can use the same proof in Section 5 to derive that Recall that we use µ j to denote the degeneration order of ω m W P along the hypersurface Y j . Let ω = −∂∂ log h 0 + p j=1 µ j ω j + 2mω W P . Then
For each line bundle L j , on a chart U α at Y j , we assume the metric h j is given by h α j . From the transition functions that define L j we can see that h α j |z α 1 | 2 is a global function on M . Denote f j = (h α j |z α 1 | 2 ) µ j . By reordering coordinates, we know that
